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subspaceslastt.me
• Recall that for ✗ ≤ IF

"

we defined

f- d- (X
,
F) = functions f. ✗→ IF

v1[ ts (× , IF ) = cts functions f.✗→IF

C u

Diff (× , # ) - diff functions fix-> IF



These are all subsets
,
but they have more structure ,

They are themselves puees_

Def : let V be a F- us
,

W≤ V subset
.

We say W is a _e if

1) Ou EW

2) if we ,WaEW then Witwz C-W



3) Vce# ,
WEW oweW

% it will often be useful to "bapwt
"

the vector space
V into sdif subspaces .

(we will return to this idea )
✓

• Common occurrence of St
• Def : Let V be an IF- us and (vi. _ . V.v

.

)

in V. Then we say WEV is aÑ



of these vectors if

-CnVrÉ G-- Cri c- IF

non-empty
ugeneration

"

Def : lot
"

s ≤ V be a subset of V.

the ¥n
of S is the set

(5) = sparks) :{ § civil ÷
""

G- c-IF
,
Vies }

= all possible linear combi 's of vectors in S .

Lemmy : § is a subspace of V.



Pf)
. Is Ove sparks? Yes, take anysc-S.si

.
-

Sr-05 Then 0*5=0 Eipunls) ,% "% /
[ Take ✓ = Cib, + . . + Crisis ,

wid ,-5
,
# .

- + doÑ
Ci
,diEÑ

then v+w= C.Sit -
- tcrisetdisit - - these C-Span /

Similarly du Espanol Ha Elf

HW-i.S.hu# is the smallest subspace containing -5
• We often

pay particular attention to how

a is a⇔ of

a list of voters
.



Oef : Say a list of vats an liiÉ
if thÉhge vectors

, is

if all the coefficients are 0#

WhyIn?
"

Uniqueness claims
"

HI: Suppose sevis-E-indepen.dent
Then any vector weÉ
has a universe



Put the 2 notions together and get . _

Def : A basis of an F- us ✓

is a sit B ≤ V ( imac )
such that

1) V. span(B)

2) Dis linearly independent



ex) it V2 IF
"

thin
" standard basis

"

entitled:) ise.ie#--eni=(?.;)-im)ii)S--fx.-..xn?.V-.Fd-IS
,
IF )

Have the " Kronecker _ delta " basis
-

D= (£ . -8N) defined as

Sri :S→IF f. (g) =
f I i=j

do i≠j

Tr this! ( take gtv try g-uc.s.tn/-cnSn )



iii) V : Flt ]:n has
"

standard basis "

I :( 1,44%-3 . . t) c%H::))
in Muni) has " standard basis" Cm . ,mµm,my )

:( 1%1,1%1?
Prof : let 3 be set in

V.

Thus B is a

<= > every well

c-texprssed.us#new-mofusinB



How to get 8¥ ?
.

Lamina : Let 5=6. .
- v.nl

-

subset ,ÉÉV.

Iet I IV.
. .

Vn
,
W) than

is spun ( s) : spun /5) ⇔wb),
ii) IA S is LI

,
then so is 5⇔w_¢

Pf ) G) Assume spun (5)=5punÑ) .

Note we span C5)= Spano) ✓
-

Now W'- Gut - - tcnvn fu FEE lie wespancs))



Take ✗c- Span8) . Then didnt - +dnvntdw

Mw plugin expression for w =>8--dirt - tdnvntdk.vn - ' +

=> J=(d. +da)Vit . . + (dntdcnlvn e- SpunB) ☒
Inco s≤ 5 sparks> ≤ spun (5),

C-1)N - C-V) Iii) Assume , § is also LI
.

If we spank)
comes from ← then w :(iv. t - tcnvn

.

with not all Ci = 0

Q*V=0v than Q= Gut - tcnvn 1-1-11w

yet 5 is LI →c-

Now assume wctspuncs), but that 5 not LI

Then Fc. - and c-IF not all 0. such that

= Etgn+dw . If d--0 than this would contradict

S be LI . => wa
- %-4¥ V2 - V3 - _ . _ {us -of



This
↑
will help us construct bs

Def : Say V is finite - dimensional if there

is a finite subsiti.tk#-pwsVlie,-.-spanls ))
ex) is IF

"

ii) Mmm (F)

iii) IF A) ≤n

iv) S finite set , Fat CS
,
IF )



t_W : v1 Show that V : Fat 124 F) not tÉimu /

ri) Flt] not &tdiE

Pry : lot f. Cv . - un) be set that ¥5s V.

a) Given L a liewlymdepndmt subset of V
,

we obtain a basis for V by

adjoining elements of S to L

1) Obtain as for V by



excluding elements in 5
.

lit needed)

Pf) b) It Sis LI nothing to do I Assume Snot LI
Fui E Span(v. . - Vin , Viti , - - , Vn)

Call § = (v.~ Vin
,
Vin

,
- . /Vn)

Note span (5) = spunG) by last lemma .
If 5 is now LI we're done . If not

, repeat ,
"

spans
"
= spunk
"V

Eventually this must terminate . ☒

fLspans I nothing to do
.

If l doesn't span then Fries such that

Vi ¢ Spank) . Because , if s ≤ spank) then
spun (5) ≤ spun 1L) but Spanish V→←



Consider [2 Chui) this remains LI by lemma

above
, Nan mimiuk the alive to finish the

proof .

Cy : Every fd vector space has a basis
.

Tim : true for general V5
,
hunter to prove . Uses

"

turns Lamma
"

j



TowardsÉ

Prof : S , L finite subsets in V.

Assume 11 S 5¥ V

in 1 is És

then 151 ≥ Ill



Pf) Take 5=14 . - .vn) spanning . Take

L:(w .
- ,Wm) LI

. Now since S spans, adjuinq
any vector makes the new list LQ Adjani

'

w
.
from L to get the list

• (Wy Vi- . Vn) .

r6nsiEna .

If Zi
- . ZK are Linearly dependent thin Fjo-81.ir}

such that

Zj C-Span ft . - ≈

,Zj- i) (notice the indices)

Pf) Since Zi . Zn an LD F a-
, an Elf

not all zero, such that



G.Zit - - taritricov
. in {t.sk

}

Letj be the largest index "such that ai -40.
Then Vj :

-¥
,

" _ aa-j.ve - - -
-

G÷;Y:\
~

bÉEof.
• Since (wµ

,
v. . . Vn) are LD

we can remove one of the Vi and still span

◦ Now repeat and adjoin we to get ( ^ : remove)
(Wi ,Wi, V. - -

,
Ñ
,
- -

,
Vn)

By the lemma above one of these vectors



must be in span of the previous vectors
.

Smee W
.

,
we are part of LI list we

know we & spun (Wi ) , So I y. c- { 1- -↑
, - is
}

St vj C- spun /Wi ,Wi , V,, . . ,Vj→) by previous
lemma

, Again remove that vector
,

Contino for each step. At step K we have a LO
&""

Cw. . . Wa
,
some v 's with k of them removed)

"

keep going
and at each step the lemma above implies

the list is LO
,
so that there is some v to

remove .



This means there are at least as many v 's

as there are w's

(ugly proof )
finite-dm

Cog : V Id V5 and 0 a basis
.
Then

Exercise a) Any other basis 8
'

hmi#tÉs8

b) If 5 is finite subset spanning V then(c)
It L is finite LI set thenÉ



⇒ Oef : The dimension of a
fink dm Us
-

V is defined to beÉÉis.

.tk#me ! Linear transformations


